1. Introduction. Let £ be a locally convex Hausdorff topological vector space over the real numbers R with dual E*. Let/be a proper convex function on E, i.e., an everywhere-defined function with values in ] -°°, °° ], not identically + oo, such that (1.1) fi\x + (1 -\)y) g X/(x) + (1 -X)/(y) if * G E, y G E, 0 < A < 1.
A vector x*GP* is called a subgradient of / at xGP if (1 • 2) fiy) è fix) + iy -x, x*) for all y G P.
(Thus the subgradients of / correspond to the nonvertical supporting hyperplanes to the convex set consisting of all the points of E®R lying above the graph of /.) The set of subgradients of / at x is denoted by dfix). If d/(x) is not empty, / is said to be subdifferentiable at x. If/actually had a gradient x* = V/(x) at x in the sense of Gateaux (or Frechet), one would in particular have d/(x) = {V/(x)} (see Moreau [5, p. 20] ). It is immediate from (1.2) that dfix) is a weak* closed convex set in E* for each xGP, and that the effective domain domd/ = {x| dfix) ^ 0} of the subgradient mapping 3/: x->3/(x), i.e., the set of points where / is subdifferentiable, is contained in the effective domain of /, which is the convex set dom/ = (x|/(x) < =o}.
One would like to know when dom 3/ is dense in dom /. This is certainly true whenever (fix) if x G dorn df, (A) fiy) = lim mí fix) for ally, /(*) = \n . ) exists on E, then, conversely, (A') and (B) are true for every l.s.c. proper convex function / on E, where (A') is the weaker version of (A) obtained when J is replaced by its convex envelope, which is the largest convex function majorized by /. (Condition (A') says solely that / is completely determined by its values at the points where it is subdifferentiable, i.e. that/is the l.s.c. convex envelope of J.) He has also shown that a bicompact convex function does exist if E is a reflexive Banach space.
We shall prove here that, in fact, a bicompact convex function exists only if E is a reflexive Banach space in the Mackey topology t(E, E*). But the l.s.c. proper convex functions on E are the same for all topologies compatible with the duality between E and E*. In other words, when proving theorems about conditions like (A') and (B), one can assume without loss of generality that the given topology on E coincides with its Mackey topology. Thus Moreau's general theorem about (A') and (B) turns out to be equivalent to his special theorem for reflexive Banach spaces.
The latter result can be deduced more directly using arguments like those in the recent paper of Bishop and Phelps [l] on the existence of support points of convex sets. Indeed, we shall prove in this way that (A) and (B) hold for every l.s.c. proper convex function / if E is any Banach space. One cannot hope to extend this theorem much further, however, in view of certain convex sets ingeniously constructed by Klee [3] , [4]. These will enable us to display a l.s.c. proper convex function / on a reflexive Frechet space (or on a pre-Hilbert space if so desired) such that/ is nowhere subdifferentiable.
Of course, (A) and (B) fail in the worst way for such an /.
It would be interesting to know whether every space for which (A) and (B) always hold is necessarily a Banach space "in disguise" (i.e. in its Mackey topology) as the counter-examples seem to suggest. We have not been able to answer this question. for each x* G E*.
It is known that/* is again a proper convex function on £*, l.s.c. in the weak* topology (and hence a fortiori in the strong topology on £*). Moreover, the conjugate/** of/* coincides with f on E (considered as a subspace of £**), i.e.
(This notion of conjugacy, originally due to Fenchel, is developed in infinite-dimensional spaces in [2] , [8], [9] .) Notice that the statements Proof. Suppose first that/is bicompact. Then (c) is trivially true, and, for each fixed yEE, \x*\f*(x*) ^ (y, x*) -p) is weak* compact for all pER-According to a remarkable new theorem of Moreau [7] , the latter property is equivalent to / being finite and r(E, E*) continuous at y. Thus (b) holds and / is t(E, E*) continuous throughout E. In particular, {x|/(x) g/(0) + l} must be a weakly compact neighborhood of 0. The existence of such a neighborhood implies that the r(E, E*) topology is normable, and that the unit sphere for the norm is weakly compact. But E must then be a Banach space under r(E, E*), since the norm completion of the unit sphere is trivially contained in its weak completion. Now (a) follows from the well-known fact that a Banach space is reflexive if and only if its unit sphere is weakly compact.
Conversely Remark. Moreau proved in [5] that the function/(x) =||x[|î', p> 1, is bicompact on any reflexive Banach space. This is also a direct consequence of Theorem 1.
Existence of subgradients.
Let In particular, the nonzero subgradients of be at x are precisely the vectors x* defining nontrivial supporting hyperplanes to C at x. [3] has constructed a nonempty closed convex set C in a certain reflexive Frechet space E (actually a Montel space), such that C has no support points whatsoever.
A counterexample. Klee
This C happens to contain various half-lines emanating from the origin, but no whole lines. Under these circumstances, we may construct a function/as follows. Fix any Xo^O such that {Xx0|X^0} QC. For each x let
where the minimum is understood to be + » when no such X exists. We shall prove that:
The function f is l.s.c. proper convex on E, but it is nowhere subdifferentiable.
Since C contains no whole lines, / does not take on the value -a>. The convexity condition (1.1) is easy to verify. To show lower semicontinuity, we need to observe first that (5.2) f(x -\-pxo) = f(x) -p for all x G E and p G R.
This implies each level set {x|/(x)á/¿} of / is a translate of C<¡ = {x|/(x)^0}.
Obviously Cq'Q.C. The reverse inclusion is easy to deduce from (5.1) using the fact that Cis closed and {Xx0|X^O} QC.
The (sub-) level sets of/are therefore all closed, so / is l.s.c. Finally, suppose for a moment that / had a subgradient x* at some point x. , and we know this to be impossible. Therefore/cannot have a subgradient. A similar example of a nowhere subdifferentiable / on an (incomplete) inner product space can be constructed, using definition (5.1), from another of Klee's supportless convex sets [4] . In this case Xo^O is arbitrary, and the lower semi-continuity of / follows easily from the pre-compactness of the set in question.
